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r-j ■ Abstract. The Clifford and Local Clifford groups for d > 2 dimensional systems 

£L( have been topics of recent interest due to their applications in graph states, quantum 

codes, and possible applications in fast quantum algorithms. This paper studies 
these groups more abstractly, by first characterizing the Pauli Automorphism and 
^3 ' Local Automorphism groups, and then using these results to determine characteristics 

O" 1 of the Clifford and Local Clifford groups. Not only does such an approach reveal 

new information about the Clifford and Local Clifford groups, but it also shows how 
many previously derived results arise naturally as simple corollaries. Lastly, we give 
. a systematic method of building an arbitrary Local Clifford operator from a small 

^i | number of previously known gates, as well as a method to physically implement such 

• an operator. 
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1. Introduction 



The Gottesman-Knill Theorem [T] proved that any computation on stabilizer states 
using only Clifford operators can be efficiently simulated on a classical computer. 
Nevertheless, understanding the Clifford and Local Clifford groups, especially those for 
higher-dimensional qudit systems, is of interest, as they provide a rich structure from 
which novel algorithms may be developed with applications in both finite-dimensional 
and continuous- variable quantum systems. 

This paper approaches the Clifford and Local Clifford groups as subgroups of 
the Pauli Automorphism group. Characterizing the Pauli Automorphism (and Local 
Automorphism) group provides a better understanding of the algebraic structure of 
the Clifford and Local Clifford groups. In an effort to be complete, we include some 
previously known results, and show how many of them can be proved as simple corollaries 
once the automorphism structure is understood. In particular, we show why the qubit 
Clifford and Local Clifford groups are indeed special they are in fact equivalent 

to the qubit Pauli Automorphism and Local Automorphism groups. In addition, this 
paper contains many new results, including a very simple, constructive characterization 
of the qudit Local Clifford group. 

2. Qudit Pauli Group 

This section begins by discussing generalized Pauli groups for audits. A qudit is a 
state defined over the (^-dimensional Hilbert space Hd, so that it is described as 
a convex sum over d orthonormal basis elements |0), |1), . . . , \d — 1), that is, = 
«o|0) + cki| 1) + . . . + a.d-\\d — 1), where 

d-l 
i=0 

Nonbinary stabilizer codes, stabilizer states, and graph states have been previously 
studied (see [2j [3J H] and references therein), and while some of these include arbitrary 
dimensions, our focus will be on the case in which the dimension of the Hilbert space is 
a prime power, that is, Hd for d = p r where r £ Z + and p is a prime number. In this 
case, there exists a nice generalization of the qubit Pauli group, called the generalized 
Pauli group Vd for a qudit system. It is defined as the group generated by the operaters 

d-l d-l 
3=0 j=0 

with © denoting addition modulo d, and u a primitive d th root of unity. In particular, 
these operators satisfy 

Z d = X d = I, Z b X a = u ab X a Z b , 



where a, b G F^, the unique field of d elements, showing that these operators are in 
general noncommutative. These operators act on basis elements |j) as 



Z»:\j)^u*\j), X»:\j)^\j®ii), 

where the multiplication fij is again defined over the field F^. While two elements 
uj c X a Z b and oo c ' X a ' Z h ' of Vd generally do not commute, we do have the following 
condition which states exactly when they do. 

Proposition 2.1. Two elements u c X a Z b and u c ' X a ' Z b ' ofVd commute if and only if 
ah' — ba! = (mod d) . 

Since the proof is straightforward, it is omitted. Knowing when Pauli operators 
commute is important in quantum stabilizer codes, which makes this proposition 
important. However, at the same time, the roots of unity u c act as global phases, 
and so are indistinguishable when measured. 

The Pauli group on an n-qudit system is defined as the n-fold tensor product of 
Vd, denoted V d n \ The following proposition is a natural generalization of Proposition 
12.11 and is stated without proof. 

Proposition 2.2. Two elements co c X ai Z bl <g> X a2 Z b2 <g> • ■ ■ <g> X a "Z bn and ui c 'X<Z b '^ <g> 
X a 2Z b '-2 (g) • • • <g) X a ' n Z b ' n ofV^f 1 commute if and only if 




= (mod d). 



This relationship gives rise to a classical representation of the Pauli group. Observe 
that the center of Vd is given by C(Vd) = {uj c I \ c G F d }. Since these elements 
describe the global phase actions on states, we need only consider elements of the 
quotient group Vd/C(Vd)- An element of this group is the equivalence class of the 
form {u c X a Z b | c G F^} for some a, b G F^, that is, any two elements in an equivalence 
class differ by a scalar multiple. With a slight abuse of notation, we will label each 
equivalence class {u c X a Z b | c G F^} with the scalar-free element X a Z b . While any 
two elements X a Z b and X a ' Z b ' in the quotient group Vd/C(Vd) will always commute, 
we can still determine whether two elements from their respective preimages in Vd will 
commute by Proposition 12.11 

The group Vd/C(Vd) is isomorphic to the two-dimensional vector space over ¥ d , 
denoted V^d), via the map X a Z b ^ (a\b), where multiplication in V d /C{V d ) becomes 
addition in V^d). Again, V^rf) is a commutative group; however, by Proposition 12.11 
we preserve the commutativity properties of elements in Vd by imposing a symplectic 
inner product (SIP) * on the vector space, where 

(a|6)*(a / |6') = a-6 , -6-a / = (mod d). (1) 

Here, (a\b) is used to indicate a concatenation of a and b into a single vector. 
Likewise, we can project the n-qudit Pauli group V d onto its quotient group 



rd /C{rd ), which is isomorphic to the vector space V2 n (d) via the map X ai Z bl <g> 
X a2 Z b2 ® • • • ®X an Z bn h> (a! o 2 ... a n \ bi b 2 ... b n ). By Proposition 12 .2\ we preserve 
the commutativity of elements in V^ by again imposing the SIP on V2 n {d): 

(a\b)*{a'\b') =a-b' -b-a' = (mod d), (2) 

where a = (a±, a 2 , . . . , a n ), b = (b\, 62, • • • , &n), etc., and " • " is the standard inner 
(dot) product over the n-dimensional vector space V n (d). Note that, in general, we will 
omit the superscript (n) and simply write Vd to denote the n-qudit Pauli group, and 
use Vd = Vd/C(Vd) to denote the corresponding quotient group, and state explicitly 
when referring to the single qudit case. 



3. Clifford Group and Automorphisms 



The qudit Clifford group C\ is defined as the collection of operators in the (i-dimensional 
unitary group G = U(d) that map the Pauli group to itself under conjugation, i.e., 

C 1 = {QeG: QV d Q ] = V d }. (3) 

Thus, by definition, the Clifford group is the normalizer of Vd in G, denoted C\ = 
Ng{Vcl)- The elements of a normalizer of a group H act as automorphisms on H; that 
is, they are isomorphisms of H to itself. The collection of automorphisms of a group 
H form a group under map composition, called the automorphism group of H, denoted 
Aut(-ff). The normalizer N(H) of H is always (isomorphic to) a subgroup of Aut(if). 
Thus, anything that holds true for Aut(if ) will also hold true for N(H). For this reason, 
we will first look at the properties and characterizations of Aut(Vd), and then reduce 
to the case of N G (Vd) = C\. 

The goal is to describe Pauli automorphisms using the classical framework. To do 
this, we must first describe the relationship of Aut(Vd) to Aut(Vd)- Let II : Vd — > Vd 
define the natural projection of Vd onto Vd- Then given any Tp e Aut('Pd), we can always 
find a ip G Aut('Pd) such that the following diagram commutes: 



V d - 



<p G Aut(V d ) 



V d 



n 



n 



L tp € Aut(v d ) L 
v d v d . 

(4) 

Conversely, given any if G Aut(Vd), there is a unique Tp G Aut('Pd) such that the same 
diagram commutes. For this reason, we need only consider automorphisms over Vd- 
Since Vd — Vz n {d), it follows that A\xt{Vd) — Aut(V2 n (cf)). The next result is easy to 
verify, and is stated without proof. 



Proposition 3.1. Let Vk(d) be a k- dimensional vector space over the field ¥ d of order 
d. Then Aut(Vk(d)) ~ GL k (d), the group of nonsingular k-linear transformations over 
¥ d acting on Vk(d). 

In other words, if the generalized Pauli quotient group Vd = Vd/C(Vd) is classically 
represented as the vector space V 2n (d), then the automorphisms on Vd can be classically 
represented as 2n x 2n nonsingular matrices over acting on V2 n (d). Using this classical 
framework, we can characterize properties of Pauli automorphisms. We begin with some 
preliminary definitions. 

Definition 3.2. A map <p : V2 n (d) — >■ V 2n (d) is said to preserve SIP orthogonality if for 

all a,b G V 2n (d), 

if (a) * ip(b) = -<=>- a * b = 0. 

Definition 3.3. A map <p : V2 n (d) — > V 2n (d) is said to everywhere preserve SIP if for 
all a, b G V 2n (d), 

(p(a) * tp(b) = a * b. 

Note that in the case of d = 2 (i.e. in the representation of the qubit Pauli 
group), Definition 13.21 implies Definition 13.31 In the case of d > 2, however, Definition 
13.31 is a much stronger statement than Definition 13.21 However, in order for a map 
tp : V 2n (d) — > V 2n (d) to leave the commutativity information from the original Pauli 
group Vd invariant, tp need only preserve SIP orthogonality. 

Theorem 3.4. Let tp G Aut(V 2n (d)). Then <p preserves SIP orthogonality. 

Proof. Let p G Aut(7 ? d). Then p sends commutative subgroups to commutative 
subgroups and noncommutative subgroups to noncommutative subgroups. The result 
follows from the commutativity of the diagram in (j3J). □ 



4. Local Clifford Group 



The Local Clifford group, or LC goup for qudit stabilizers is defined as the n-fold tensor 
product of the single-qudit Clifford group C\. Thus, the LC group is a subgroup of the 
n-fold tensor product of Aut (v d 1 ^, which we call the Local Automorphism group, or 

LA group. Since the classical representation of Aut (v d 1 ^ ls simply the group GL 2 (¥d), 
we can see that the classical representation of the LA group is the subgroup of GL 2n (W d ) 
having the form 



A B 
C D 



(5) 



where A, B, C, and D are diagonal n x n matrices having the property that each 2x2 
submatrix 



Mi 



Ai t i 
Ci.i 



Bi,i 
Da 



(6) 



is an element of GI^F^). Here is the i-th diagonal entry of A, etc. The submatrix 
Mi describes the action of the corresponding element of Aut [V^j on qudit i. 



In [3], Gottesman shows that C\ is generated by the P, R, and S gates, defined by 
the following actions on the Pauli group basis. 

P : X ^ XZ (7) 
Z ^ Z, (8) 



R : X h-> Z 
Z ^ X~\ 

and the 5* gates are the collection of gates S a mapping 
S a :X^X a 

z ^ z a ~\ 



(9) 
(10) 

(11) 
(12) 



for all a G — {0}. It is straightforward to show that these gates can be classically 
represented by 



P 



R 



1 
1 1 

-1 

1 



and 



{S a : a E ¥ d - {0}} 



a 
a" 1 



: a E ¥ d - {0} 



(13) 



(14) 



(15) 



In fact, as mentioned in [3], if we let a be a primitive element in F^, that is, an element 
that generates the multiplicative group in Fj, then S a generates all of {S a : a e F^— {0}}. 
Observe that each one of the operators ffTBl . f|T4l) . and f|T5l) has determinant one, and 
hence every local Clifford operator will also have determinant one. What is somewhat 
surprising is that this is also a sufficient condition, as we will now show. 

Theorem 4.1 (Characterization of the LC Group). Let M be an element of GL 2n {F ( i) 
of the form given in $5\). Then M corresponds to an LC group element if and only if 
for each submatrix Mj of the form given in (TJJ), det(Mj) = 1 (mod d). 

Proof. We need only prove sufficiency, and hence assume that det(M) = 1 (mod d). 
We prove this by explicitly showing how to construct an arbitrary single qudit Clifford 

Then the general case of M e GL 2n (F rf ) 



operator from the gates f|T3|) . f|T4l) . and ffl5 
follows immediately. First, suppose M = 



and det(M) 



(mod d), and let 



q 7^ 0. Then r is uniquely determined by p, q, and s, namely, r = q x (ps — 1), so that 
M = S- q P sq RP q ~ p . Now suppose q has no inverse, i.e. q = 0. Then s = p , in which 



case M 



S p P pr . 



□ 



It follows that, given a matrix of the form (jSJ), determining if it corresponds to a 
Local Clifford operator reduces to simply computing the n determinants of the 2x2 
sub matrices from (jSJ). 

Corollary 4.2. The qubit Local Clifford group is equivalent to the qubit Local 
Automorphism group. 

Proof. Since the determinant of every operator in GL 2 (F 2 ) is nonzero, it must therefore 
equal 1. □ 

Thus, in the qubit case, the LC group elements are precisely those operators having 
the form given in fl5]) and ([6]) . The fact that the qubit Clifford group is isomorphic to the 
qubit Automorphism group was first stated by Gottesman in [T], and this construction 
of the qubit LC group was previously discovered by Van den Nest et al. [5]. We include 
this result here, however, to show how this and many known results for the qubit case 
can be easily determined from this more general construction. 

In [2], a characterization of the complete n-qudit Clifford group was determined, 
which we now provide without proof. 

Theorem 4.3 (Characterization of the n-Qudit Clifford Group [2]). An automorphism 
of Vd corresponds to a Clifford operator if and only if it everywhere preserves SIP^ 

With this characterization, the following result is almost immediate. 



Corollary 4.4. Each element of the n-qubit automorphism group Aut (V^J 
corresponds to an element of the n-qubit Clifford group. 

Proof. This follows from Theorems 13.41 and 14.31 and the fact that in the qubit case, 
preserving SIP orthogonality is equivalent to everywhere preserving SIP. □ 

Note that, while the Local Clifford group can likewise be characterized as the 
collection of Local Automorphisms that everywhere preserve SIP, we chose to provide a 
characterization that is more constructive for practical reasons. In practice, we do not 
have access to every Local Clifford operator, but must build them from a finite set of 
gates. Theorem 14.11 gives us a straightforward way of constructing an arbitrary Local 
Clifford operator from a small set of known gates. While these constructions are not 
unique, they do provide an upper bound on the number of gates required to build one. 

Proposition 4.5. Suppose we have access to only the gates P, R, and S a , where a is 
primitive in Fa- Then an arbitrary LC operator for an n-qudit system can be generated 
using at most n(3d — 2) gate operations. 



Proof. The larger of the two constructions given in the proof of Theorem 14.11 is for 



V Q 



can be 



the case of q ^ 0. In this case, a single qudit Clifford operator M - 

constructed as M = S^P sq RP q lp , where a k = —q in F^. A maximum number of gates 
| In [2] , the authors used the term symplectic to describe the operators that everywhere preserve SIP. 



is required if k = sq = q~ 1 p = d — 1. In this case we have d — 1 copies of the S a gate, 
d — 1 copies of the P gate, the R gate, followed by another d — 1 copies of the P gate. 
Summing gives 3d — 2 gate operations. Applying such an operator on each of the n 
qudits gives the upper bound. □ 

This clearly shows that the number of gates needed to generate an arbitrary LC 



operator grows linearly with the number of qudits. Appendix A describes a method of 
implementing an arbitrary single qudit Clifford operator using a fixed number of physical 
gates by allowing a qudit to be acted on by the same gate multiple times. Given that 
any arbitrary LC operator can be constructed in a straightforward manner, a question 
of more combinatorial interest is "how many distinct (i.e. up to global phase) n-qudit 
Local Clifford operators are there?" 

Proposition 4.6. There are (d 3 — d) n distinct n-qudit Local Clifford operators. 



Proof. Let M 



correspond to a single qudit Clifford operator (i.e. det(M) = 1 



p q 

r s 

(mod d)). Then to prove the result, we need only count the number of ways to build an 
M such that det(M) = 1 (mod d). First suppose that qr = so that ps = 1. There 
are (d — 1) ways of setting up ps = 1 and 2d — 1 ways of setting up qr = 0. So there are 
(d — l)(2d — 1) ways of satisfying this case. Likewise, there are (d — l)(2d — 1) ways of 
setting up the case of ps = and qr = —1. Lastly suppose neither ps = nor qr = 0. 
Then qr = ps — 1 (mod d). There are {d — 2){d — l) 2 ways of satisfying this case. 
Summing gives you the number of single qudit Clifford operators. For each choice of 
a single-qudit Clifford operator on the first qudit, there are (d 3 — d) choices for each 
additional qudit. The result follows. □ 

Thus, while the number of LC operators increases exponentially with the number 
of qudits, the number of gate operations needed to implement any one of these LC 
operators need only increase linearly. 



5. Conclusion 



In conclusion, we have shown that for qudit systems, where d = p r for p prime and 
r G Z + , there exists a rich classical structure from which to describe Pauli group 
automorphisms. From this structure, we can more easily characterize the Clifford 
and Local Clifford groups. Furthermore, we have provided a straighforward method of 
constructing an arbitrary n-qudit Local Clifford operator using 0(n) operations. Note 
that many of the constructions and combinatorial results in this paper relied heavily on 
the rich underlying field structure present when the dimension is a power of a prime. 
There is no clear method of determining the number of distinct Clifford and Local 
Clifford operators for n-qudit systems, when d is not a prime power. 
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Appendix A. Circuit Diagram for Single Qudit Clifford Operators 

Theorem 14.11 gave rise to a method of describing an arbitrary single qudit Clifford 
operator as the product of a finite set of gates. While P can be understood as k 
copies of the gate P acting on the state \ip), suppose instead that we can apply the same 
physical gate P to the state \ip) multiple times. In other words, suppose we can place 
a counter Cj at each of the gates P that counts the number of times the qudit loops 
back through the gate, only allowing it to pass out of the loop after a predetermined 
threshold is reached. Then using the circuit diagram in Figure IA14 we can construct an 
arbitrary single qudit Clifford operator. 



rCi 



Co 



C, 



P 



R 



p 


J 


V 


S a 





{ip out) 



Figure Al. A circuit diagram describing a method to implement an arbitrary single 
qudit Clifford operator. Here S a is a gate from the set {S a : a e¥d — {0}}, where a 
is chosen to be a primitive element of F^. The loops above the P and S a gates are to 
indicate that a qudit can loop back around and be acted on by these gates a number 
of times set by the counter thresholds. 

For example, suppose we want to apply the single qudit Clifford operator on a single 
qudit state that maps X 1— > X p Z q and Z 1— > X r Z s . Then assuming q is nonzero, we 
set the threshold of the first counter, C\, at q~ x p, the threshold of the second counter, 
C*2, at sq, and the threshold of the third counter, C3, at k, where a k = —q in F^. If q is 
zero, then we set the threshold of C2 at pr and the threshold of C3 at k, where a k = p 
in Fd, then send through the path that bypasses the first P gate and the R gate. 

For a more explicit example, consider the qutrit case, that is, let d = 3. Then the 



X operator is given by 
X 

and the Z operator is given by 

Z : 



1 

1 
1 



(A.l) 



1 
u 
to 2 



(A.2) 



where to = e l2n ^ 3 is a primitive third root of unity. In this case, the primitive element in 
¥ d is 2, so we let a = 2. Then we have 



1 

3 



1 1 1 

1 uj u 2 
1 uj 2 



UJ 



1 
1 
u 



(A.3) 



(A.4) 



and 



So 



1 




1 



(A.5) 



Now suppose we wanted to implement the Clifford operator M that maps X h-> X 2 Z 
and Z i — y XZ via conjugation. Using the method described above, one determines 
that this operator is described (up to global phase) by the product M = S 2 PRP 2 - To 
implement, we set the C\ threshold to 2 and both the C 2 and C 3 thresholds to I. 
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